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Abstract 

In this work some issues in the context of Noncommutative Quantum Mechanics (NCQM) are 
addressed. The main focus is on finding whether symmetries present in Quantum Mechanics still 
hold in the phase-space noncommutative version. In particular, the issues related with gauge in¬ 
variance of the electromagnetic field and the weak equivalence principle (WEP) in the context of 
the gravitational quantum well (GQW) are considered. The question of the Lorentz symmetry and 
the associated dispersion relation is also examined. Constraints are set on the relevant noncommu¬ 
tative parameters so that gauge invariance and Lorentz invariance holds. In opposition, the WEP 
is verified to hold in the noncommutative set up, and it is only possible to observe a violation 
through an anisotropy of the noncommutative parameters. 
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I. INTRODUCTION 


Noncommutative Quantum Mechanics is an extensively studied subject Jjl-11] and its 
interest arises for many reasons, more particularly from the fact that noncommutativity is 


present string theory and quantum gravity and black hole models (see e.g. 12dl4j). NCQM 
can be viewed as the low-energy and the finite number of particles limit of noncommutative 
held theories and its main difference from standard quantum mechanics is the inclusion 
of an additional set of commutation relations for position and momentum operators. The 
Heisenberg-Weyl algebra for these operators, 


[xi,Xj\ = 0 , 

is deformed to the NC algebra: 


[Pi,Pj] = 0 , 


[xi,Pj] = iM 


v 


( 1 ) 


[qi, qj ] = i Oij, [tt i, TTj] = i rjij, [&, nj] = i/%, (2) 

where 6Q and r)^ are anti-synnnetric real matrices. The two sets of variables, {ay,pj} and 
{qiifti} are related by a non-canonical linear transformation usually refered to as Darboux 
transformation, also known as Seiberg-Witten (SW) map. It is known that, although this 
map is not unique, all physical observables are independent of the chosen map [9|, 10] - 
Moreover, since the NC operators are defined in the same Hilbert space as the commutative 
ones, one can obtain a representation of them, up to some order of the noncommutative 
parameters, without the need for the Darboux transformation. However, in most cases, it 
is simpler to use this transformation in order to recover some known aspects of quantum 
mechanics. 


Besides the well-known operator formula 
mulation of NCQM has been constructed 


■ion of quantum mechanics, a phase-space for- 


lOj which allows for a straightforward imple¬ 


mentation of noncommutativity. This formulation is useful for treating general problems 
such as, for instance, in cases where the potential is not specified. In this case, the position 
noncommutativity may be treated by a change in the product of functions to the Moyal 
^-product, defined as: 


A{x) * e B(x ) := A(x)e^ i/2)( ^ )eii( ^ ) B(x), 


( 3 ) 
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and the momentum noncommutativity is introduced via a Darboux transformation. In the 
case of simple potentials, the use of the Darboux transformation ensures on its own, up to 
some order of the noncommutative parameter, a suitable noncommutative formulation. 

Throughout the following sections, whenever need, the Darboux transformation to be 
used is as follows jo ]: 


Oij „ 

* = * " 2h Pi ' 


* i = p ' + 'ik x ’ 


( 4 ) 


II. GAUGE INVARIANCE 

In order to study the effects of NCQM we shall consider some physical systems of interest 
and investigate the implications of the NC deformation. The first example to consider is 
that of a particle with mass m and charge q in a magnetic held, with the Hamiltonian given 
by 

H = ^\* - qA(q)f . (5) 

In order to study this system we use the Moyal ^-product for the product of terms and 
then use the Darboux transformation, Eq. ([4j), to write the noncommuting Hamiltonian in 
terms of the commuting variables, x and p. Thus, considering, 

H(q , if)T(g) = H(x, if) -k e ^/(x) = H(x, if)e^ 2 ^^ 0iJ ^^\]/(:r), (6) 


at first order in the parameter 9, 


id a 

+ -^-d a H(x,n)d b 


T(x) = 


— (# 2 - 2 qw ■ A(q) + q 2 A 2 (q)) + (q 2 A 2 (x) - 2qA(x) ■ t) d b 


( 7 ) 


If we now consider that 6 ab = 9e a b, where e a b is the 2-dimentional antisymmetric symbol, 
the effective noncommutative Hamiltonian, at hrst order in 6, becomes: 

H = — (n 2 — 2qn ■ A(q ) + q 2 A 2 (q )) H— — [V ( q 2 A 2 (x ) — 2 qA{x) ■ if) x Vl • 9 (8) 

2m Am 


where 6 = 9(1, —1,1). We now make use of the Darboux transformation, Eq. (HI) , in the 
momentum operator (which is now the only noncommutative operator in the Hamiltonian) 
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to obtain: 


H = 


2m 


2 1 Q 1 

(p - qA(x )) 2 - -(x xp)-p-j\xx A(x)) ■ p + —r/ 2 e^e, fe %f 

q 


4 mh L V (g A (*) - 2qA(x) ■ p - -(* x A(*)) ■ p) x p • 0, (9) 


where, as in the case of 9, p = p(l, —1,1). We aim now to see how a gauge transformation 
modifies the Hamiltonian and study the condition under which the Hamiltonian is gauge 
invariant. Gauge invariance must be imposed, otherwise a gauge change would lead to a 
modification of the system energy for the same physical configuration. For this purpose, we 
consider a gauge transformation to the vector potential A —y A' = A + Va, where a is a 
scalar function of position. Consider now the first set of terms in the Hamiltonian, Eq. (19|). 
Under the stated transformation, we get: 


1 

2 771 


(p — qA(x) — gVa ) 2 


-(x x pj ■ p 


q_ 

h 


(x x A(x)) ■ p 


q ,. _ . In 

-{x x Va) • p + —77 €ij6ikXjXk 


( 10 ) 


If we now change the wave function on which the Hamiltonian acts, to = e 19 “' /s 'h / , the 
first set of extra terms in Eq. (EJ coming from the gauge transformation will be cancelled 
and so we may conclude that this set of therms is not problematic. However, this is not true 
for the second set of terms which is transformed to, 


V ( q 2 {A{x) + Va ) 2 — 2 qA(x) ■ p — 2 q’Va ■ p — — (* x A(x)) ■ p — —(x x Va) • p) x p 


h 


h 


■ 0 . 


( 11 ) 

If we now consider the wave function transformation, 'b = e iqa ^ h ^/', we verify that the 
gauge transformation is not cancelled due to the momentum operator outside the divergence 
acting on the exponential. Thus, the phase transformation that absorbs the gauge transfor¬ 
mation terms in the Erst part of the Hamiltonian, Eq. (J9j). does not do so for the second 
set of terms. This comes from the fact that, in the first term, the change in A can be seen 
as a change in p , and a constant change in momenta can always be absorbed by a phase 
change. The same does not occur for the change in the second term, making it impossible to 
accommodate it into a change in phase. Therefore, in order to make the Hamiltonian gauge 
invariant, this term must vanish. To accomplish this for any A, 6 must vanish. This result 
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is consistent to an explicit computation in the context of the Hamiltonian of fermionic fields 

15 ]. 


III. GRAVITATIONAL QUANTUM WELL AND THE EQUIVALENCE PRINCI¬ 
PLE IN NCQM 


A very interesting system to directly connect gravity to quantum mechanics is the grav¬ 
itational quantum well 


16 


18]. As we shall see, this connection can be used to constrain 


quantum measurements of gravity phenomena and to test the equivalence principle (see also 
Refs. 19, [20]). It is easy to show that this principle holds for usual quantum mechanics, in 
the sense that a gravitational held is equivalent to an accelerated reference frame. We shall 
see that this also holds in the context of NCQM for isotropic noncommutativity parame¬ 


ters. In the following we shall study the noncommutative GQW 
accelerated frames of reference. 


8] and its connection to 


A. Fock space formulation of NC Gravitational Quantum Well 

Let us consider the GQW in the context of NCQM. To start with we review some aspects 
of the usual GQW in standard quantum mechanics. The Hamiltonian is given by: 


H = —p 2 + mgxi. 
2m 


( 12 ) 


for a particle with mass, m, in a gravitational held with acceleration, g, in the x,; direction. 

With the Fock space treatment in mind we define creation and annihilation operators for 
this Hamiltonian: 


b = 


m 

h 2 g 




St = (— 

\Vg 


1 

2 \ 3 


- if g fi\ 3 „ 

X+ 2{^ A 


i / g 2 h\ 3 
X ~~^' P * 


(13) 


(14) 


where the definition concerns only for the x direction, as the y component of the Hamiltonian 
is just that of a free particle. The normalization factors is chosen so that the operators b 
and fet are dimensionless. The Hamiltonian can then be rewritten as 


h = k\ r x + r v )+K, 


+ b 2 


(15) 
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where 


f* = b% + bib t - Sffcj - 6,-6;. 


A'! 


1 / ft 3 m 2 \ 2//3 

16 V ~9 ) 


mg 

IT 



(16) 

(17) 

(18) 


Given the form of the Hamiltonian, it is evident that it is not diagonal in this represen¬ 
tation, so it is not particularly useful for calculations of eigenstates and eigenvalues. This is 


expected from the usual solution to this problem, in which the energies involve 


the Airy function, Ai{x). We now examine the noncommutative Hamiltonian Jg|, 


he zeros of 


k " C = i K + d] + mgi + - yp,) + P 2 + f ); (19) 

which is the equation of a particle under the influence of a gravitational field plus a ficti¬ 
tious “magnetic field”, B N q = plus an harmonic restoring force. Through the 

definitions, Eqs. (IT3j) and (TT4lh it can be rewriten it, up to first order in 9 and rj, as: 

H NC = A'l (f* + r„) + K 2 ( b< + k) + (b*k - biby) . ( 20 ) 

It should be pointed out that this treatment considers only first order terms in either rj 
or 6, although the latter does not show up in the Hamiltonian as its effect can be absorbed 
by a phase factor of the wave function. Noting the similarities between both commutative 
and noncommutative Hamiltonians, we might ask wether there is a transformation that can 
turn one into the other. That might be an interesting finding as, then, noncommutativity, 
at least for this system, could be regarded as a modification to the commutative case, and 
noncommutative eigenfunctions could be constructed using commutative ones, which are 
well known. Furthermore, it would make noncommutativity the result of a transformation 
of variables, and not a fundamental property of the system under study. In order to pursue 
this analysis, we must introduce an operator transformation in which the new operators, hi 
and a] for i — x,y, obey the same commutation relations as the original operators. Thus 
we define, 
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( 21 ) 


2 

bi . ^ ^ Tlij CLj + Sij Qjj , 

2=1 
2 

: = E “«“] + 4%. (22) 

2=1 

where we impose the commutation relations 


ai, a) = 

and all the other commutation relations vanish, 
straints on the parameters Uij and s^, namely: 


Sij, (23) 

These conditions introduce a set of con- 


|'^ll| 2 —|'Sii| 2 + |Mi2| 2 ^|-Si2| 2 — 1, 

1^211 2 — 1-^211 2 +1^22 | 2 — |-S22 |“= 1- (24) 

Considering Eq. (TT5|) in terms of operators bi and b\ and using the definitions, Eq. (T2TT) . 
we get the Hamiltonian in terms of the operators a* and a\ as 


H — Ki \pha\a x + yi<x x a\ + y 2 a\a\ + y 2 a x a x + 73 (J y a y + 73 a y a,y + 740 ^ 0 ^+ 

+yla y a y + 27 5 a f x al + 275 a x a y + 27 6 ata y + 2 ^ 1 ^] + 

+ K 2 [aj, (m^ + Sn) + a x (S 44 + Mu) + dy (u* l2 + s!2) + a y (si 2 + ^ 12 )] , (25) 


where, for simplicity, we have defined, 


75 : 
7e : 


7l | M ll| 2 +| s llh — m 11 S 14 — M ll s ll + |«2lh + |s2lh-^l^i — M21S21, 

72 := 2M44S11 - Ki) 2 - S44 + 2W21S21 - («2i) 2 - «21» 

73 := |^121 2 +1 s 121^ —^12 S 12 — M 12Sl2 + |^221" +1^221" — '^22 S 22 — u 22S22 i 
74 := 2Mi 2 Si 2 — (^12)^ — s 12 4" 2 , U 22 S 2 2 — (^22) s 22; 

= M11S12 + S U U* 12 - U* U U* 12 - S* U S* 12 + <522 + S 2 lU* 22 - U* 21 U* 2 - S* 21 S* 22 , 

= U* U U 12 + SiiS* 2 - <1**12 ~ SuU*12 + M 21«22 + S 2 lS^ ~ «21«22 “ «21«22- 


(26a) 

(26b) 

(26c) 

(26d) 

(26e) 

(26f) 
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Comparing the Hamiltonian in Eq. (125|) to the one in Eq. f)20]) . we can immediately set 
the conditions for the q^’s 


7r = 1, (27a) 

72 = -1, (27b) 

73 = 1, (27c) 

74 = -1, (27d) 

75 = 0, (27e) 

76 = i-\—— := irjc, c6i (27f) 

4 mhz K\ 


Furthermore, comparing the terms that are linear in the a operators, we get two additional 
equations for the u and s parameters, 


u* u + sn = 1 , (28a) 

u i2 4” S 12 = 0 . (28b) 

In total we now have 16 variables and a total of 16 distinct equations constraining the 
values of this variables. Hence, this system of equations has either a single solution or none. 
It is found that this system has no solution for ?) ^ 0, which can be verified using well 
known Mathematica or MatLab procedures. Therefore, it is not possible to describe, as 
expected, the noncommutative Hamiltonian as a mixture of eigenstates of the commutative 
Hamiltonian, and so it is a completely different problem. Once again we stress that this result 
is only valid at first order in both noncommutative parameters. However, it is reassuring 
to confirm that, at least at this level, noncommutativity is indeed a completely different 
problem than the commutative one. 

B. Equivalence Principle 

Having verified that the noncommutative Hamiltonian of the GQW is in fact a different 
problem than the commutative one, we can try to examine the issue of the noncommutative 
Equivalence Principle. We have seen that the only parameter having an effect on the eigen¬ 
states and eigenvalues is 7 , as the 6 factor can be absorbed into a phase factor in the wave 



function of the system. The WEP states that, locally, any gravitational held is equivalent 
to an accelerated reference frame. This is one of the basic tenets of General Relativity and 
holds with great accuracy (see e.g. Ref. 2l|, chapter 22, for a review of the experimental 
status of relativity). In standard QM, for the GQW, this can be verified to hold in a quite 
simple way. In the context of NCQM we will show how it can be verified in what follows 
next. For this purpose we consider the noncommutative GQW Schrodinger equation, 


H* c m = 


2 ^ + K) + 


T = FT 


(29) 


and applying the Darboux transformation to write it in terms of the commutative variables, 
that is, Eq. (1191) : 


(Pi+ f y ) + m 9* + - yp *) + 0 2 + y 2 ) 


rj 


T = i h 


dt’ 


(30) 


2m y *' x ' try> ° ' 2 mh x ry ’ 8 mK 2 

where we have considered the time dependent problem as we have to use a change of coor¬ 
dinates evolving in time. We now consider the noncommutative free particle equation: 


h 2 ( d 


d 2 


ir/ . d <9 r/ 2 

2m dy ^ dx 8 mh 2 


2m \ dx 2 dy 2 

and introduce a change of coordinates defined as 


x 


+ y 2 ) 


4 = m w (31) 


x' = X + cr(t ) 

y' = y 

In order for the WEP to be preserved we require that 


(32a) 

(32b) 


H* c (x,p)^(x,y) = (33) 

where Hg C is the noncommutative GQW Hamiltonian and Hf r ^ e is the noncommutative 
Hamiltonian of a free particle and ^>\x',y') = e 1 ^ x '’ y ' ) 'i>(x',y'), so that the eigenfunctions 
are the same, but by a phase. Starting from the free particle Hamiltonian we write it in 
terms of an accelerated reference frame coordinates, and thus, 




d_ 

dx 




d 

Ty nX ' V) ' 


(34a) 

(34b) 
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(34c) 


d_ 

dt' 


Hence, combining Eqs. 


r h 2 

( d 2 

d 2 \ 

iy / 

2m 

\dx 2 

dy 2 ) 

2m \ 




and 


d 


d d cr{t) d 




dt dt dx / 

, the right-hand side of Eq. (I3TT) becomes: 


d 




d 


8mh 2 


[-2xa{t] + n 2 (t)) 


2m 

A>\x, y ) = i h 


” (x 2 + V 2 ) + 

¥(x,y). (35) 


dy 8 mh 2 

d da(t) d 
dt 


dt dx 


In order to check if Eq. (1881) is consistent we must either compute the phase cj> or prove 
there is no wave function which holds for the mentioned relation. For this we consider the 
relation between and T' and compute the action of the operators on the wave function 
Af'(x',y') = (x', y'). The obtained result is as follows: 


K 2 ( d 2 


d 2 


2m \ dx 2 dy 2 


irj 

2m 


d 


d 


x 


y- 


dy dx 


+ 


Tj 


8mh 2 


(x 2 + y 2 ) 


T' + 


i h 2 d 2 (j) K 2 dcj) 2 
2m dx 2 2m dx 


i h 2 d 2 <f> h 2 dcj) 2 rj dcj) y dcj) y . . dcj) 
2mdy 2 2m dy 2 m^dx 2m X dy 2m a dy 


+ ^ w+ 
Amh 2 Ah 2 


. dcj) dcr da 

h Tt + fi dF& 


T' + 


iti 2 dcj) da 

-77- + ih— 

2m dx dt 


0 T' 

dx 


+ 


iti 2 dcj) iy . 

7) o 

m dy 2m 


ddf' dA>' 
= m- 


dt 


dt 


(36) 


Now, for the purpose of retrieving the noncommutative GQW we must compare both 
Schrodinger equations to set constraints on the form of the phase cj>. Imposing that the term 
multiplying the derivative of At' vanishes, we get: 


dcj) 

dx 


m dcr 
h dt ’ 


(37) 


which implies, taking into account the fact that a only depends on time, that: 

, mdcr . . 

4,= hM x+,(y ’ t) - 


(38) 


Considering that the last term on the left-hand side of Eq. (1361) must vanish, and Eq. 
, it follows that 

h 2 df 


a =~ir-<r(t)=> f(y,t) = 
m dy 2m 


replacing this result into the second term of Eq. 
Eq. (j30p . yields 


y_ 

2h 2 


a(t)y + y(t)] 


(39) 


and comparing with the Hamiltonian, 


m 


dV 

dt 2 


x + v(t) = rrigx 


(40) 
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where u(t ) is the sum of all time dependent terms and can be made to vanish through a 
suitable choice of the function There is only one non-vanishing remaining term and in 
order to Eq. (1551) to hold we must impose that 

d V _ 1 


-— = a (t) = (To + vt + ^gt 2 


(41) 


Thus, we can see that Eq. (1551) holds as far as 


/ 1 2 
x = x + er 0 + vt + -gt 


(42) 


which corresponds to an accelerated reference frame. The WEP is then veriEed to hold for 
NCQM at least as long as we consider that the noncommutative parameters are isotropic. 
Hence, bounds on the WEP turn out to be limits on the isotropy of the NC parameters. 
Finally, the phase difference between the wavefunctions $ and is given by: 


ni ^ 44^— Arcfidy+Mh)) 


Vj/ = gl * dfI 2ft 2 


vE 


(43) 


and, as it has been analysed in Ref. 22], this does not give rise to any physically meaningful 
effect. 


C. Anisotropic noncommutativity 

As we have seen in the last subsection, the WEP holds in NCQM, unless NC parameters 
are anisotropic, i.e. rj xy ^ r] xz . In what follows we use the bounds on the WEP to constrain 
the difference between components of the r] matrix. The ensued discussion is similar to the 


one carried out in Ref. 


19] in the context of the entropic gravity proposal 23]. The noncom¬ 


mutative Hamiltonian for the GQW is given by Eq. (1191) . In order to hnd the eigenstates for 
this problem we use perturbation theory up to first order in r), which is sufficient to obtain 
differences in the energy spectrum for different directions of the gravitational field. For this 
purpose we define 


H nc = + V, 


NC 


(44) 


where we consider V a perturbation to the exactly soluble Hamiltonian H ^ c , defined by 


h nc Px_ , Py_ , ~ 

- 2m + 2m + 


(45a) 
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V : = 


V 


- £ py^ + ^A £2 + y 2 )- 


(45b) 


2mh ry ' ' 8mh 2 

Since we are only interested in the corrections of order r), we can disregard the second 
term in V. The soluble Hamiltonian is that of a free particle in the y direction and that of 
the GQW in the x direction. Solutions to these problems are well-known and are given by 
(e.g. Ref. 16]) 


*nk(x,y) = A n Ai j x(y), (46) 

where Ai{z) is the Airy function, x{v) is the solution for the free particle, and E n and A n are 
the energy eigenvalues in the x direction and the normalization factor for the Airy function, 
given, respectively, by, 


t, _ (mg 2 h 2 \ 1/3 ^ 

E n I 2 J 

/ fc'2 \ 1/3 /* -|-oo "I 1//2 

A -= (w?) L AzMHz) 


(47) 


(48) 


where a n are the zeros of the Airy function. The energy eigenvalues in the y direction are 
given by, 


_ h 2 k 2 
hy ~ 


(49) 


where k is the momentum of the particle. The change in energy is given by the expecta¬ 
tion value of the operator V in a general state given by Eq. (1461) and, the leading order 
perturbation to the energy of the system in any state, is given by, 


A E n = (T, tfc | V |^ nfc ) = 


rjk 

2m 


2m 2 g\ 2/3 j (n) + E n 


h 2 


mg 


(50) 


It must be noted that we computed the energy eigenvalues for the case of a two dimensional 
Hamiltonian in the xy plane, so we can write, 


Kt = 


mg 2 K 2 \ 1 ^ h 2 k 2 rj xv k 

-2~) + ^ + 


2 m 


2m 


2m? g 

h? 


—2/3 


j(n) —n 

1 mg 


E„ 


(51) 


Thus an anisotropy in the momentum space breaks the equivalence principle. 

Consider now the NC GQW for a particle moving along the y direction with a gravi¬ 
tational field in the x direction and the same equation for a particle traveling along the x 
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direction with a gravitational field in the z direction. Assuming that the test particles have 
the same momentum in the direction in which they are free, hence: 


mx{g x -g z ) = 


k 

2 m 


2m 2 g 


j(n) E„ 


(,Vxy Vyz ) j 


(52) 


h 2 ) " mg 

where x is the position of the test particle. Thus, using the bound on the WEP for two 
different directions (see e.g. Ref. 24]): 


A a 
a 


\&l — &2 1 


a 


< 10 - 13 , 


(53) 


plus data from Ref. 18] , namely that k = 1.03 x 10 8 m 1 and x = 12.2 gm for the eigenstate 
of lower energy and g = 9.80665 m/s 2 , Eq. (T52T) yields: 


— = 1.4 x 10 60 Atp 
9 


(54) 


Applying the bound from Eq. (1531) to Eq. (l54lh the bound for A 7 / is computed to be: 


A 77 < 10 73 kg 2 nrs 2 , (55) 

which bounds the noncommutative momentum anisotropy in a quite stringent way. In 
natural units: 


< 10 ' 10 eV. 


(56) 


IV. LORENTZ INVARIANCE 


Lorentz symmetry is a fundamental cornerstone of all known physical theories. Thus, it is 
natural to consider experimental bounds on this invariance to constrain noncommutativity 
which explicitly violates Lorentz symmetry . A major tool for these tests is the relativistic 
dispersion relation, 

E 2 = p 2 c 2 + m 2 c 4 . (57) 


This relation is tested with great accuracy at very high energies. Indeed, ultra-high energy 
cosmic rays allow for constraining this relationship for an extra quadratic term on the energy 


to the 1.7 x 10 25 level 


Auger collaboration 


26]. 


25]. This estimate is confirmed through direct measurements by the 
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Thus, assuming a correction of the dispersion relation proportional to E 2 at the 1.7 x 10 


-25 


level 


25], then it is possible to constrain the rj parameter, that is: 


rj < (1.7 x 10 ~ 25 )E'\ 


(58) 


hence for ultra-high energy cosmic rays, with E ~ 10 20 eV, we can establish that y/rj 
4.1 x 10' eV, which is not at all a very stringent upper bound. A much more constraining 
bound can be set through low-energy tests of Lorentz symmetry. Indeed, assuming limits 
arising from the nuclear Zeeman levels, one can establish that r] ^ 10 ~ 22 E 2 , which for 
E ~ MeV 27], implies that yjrj ^ 1CT 11 MeV ~ 10 -5 eV. This result is competitive with 


the most stringent bound on rj, namely y/rj ^ 2 x 10 5 eV 15], obtained from the hydrogen 
hyperhne transition, the most accurate experimental result ever obtained. 


V. DISCUSSION AND CONCLUSIONS 


In this work we have addressed several issues on NCQM. Gauge invariance of the elec¬ 
tromagnetic field is verified to hold only if the parameter 6 vanishes, which is consistent 


with previous work for fermionic fields 


15]. This result implies that, for abelian gauge the¬ 


ories, spatial directions do commute and noncommutative effects are expected only for the 
momenta. 

Also, we have compared the GQW Hamiltonian in the context of NCQM with the Hamil¬ 
tonian for the same problem in QM. Using the Fock space formalism with creation and 
annihilation operators, we found no evidence for a connection between this two problems 
at first order in the parameter rj. This shows that NCQM poses a different problem from 
QM at least in the context of GQW. Following this result, we studied the WEP in the 
noncommutative scenario. It is concluded that this principle holds for NCQM in the sense 
that an accelerated frame of reference is locally equivalent to a gravitational field, as long 
as noncommutativity is isotropic. If an anisotropy is introduced in the noncommutative 
parameters, using data from Refs. 


18 


24], we set a bound on the anisotropy of the rj 


parameter, y/Arj < 1CU 10 eV. It is then clear that the anisotropy of the noncommutative 
momentum parameter is many orders of magnitude smaller than the NC parameter itself. 
This result also states that the existence of a preferential observer to whom the spatial x,y 
and z directions are well defined is limited to the same degree as the anisotropy factor. 
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Additionally, the breaking of Lorentz symmetry is examined in the context of NCQM. 
Assuming a violation of the relativistic dispersion relation proportional to E 2 , bounds from 
ultra-high energy cosmic rays (see Refs. 25, [26]) imply that yjrj < 4.1 x 10 7 eV. Considering 
instead bounds arising from nuclear Zeeman levels, one can obtain that y/rj < 10 -5 eV, which 


is competitive with bounds arising from the hydrogen hyperhne transition y/fj < 2 x 10 6 eV 


15], the most stringent bound ever obtained. 
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